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Abstract 

A system of commutative complex numbers in 5 dimensions of the form u = xq + h\X\ + 
/12X2+/13X3+/14X4 is described in this paper, the variables Xq, x\, X2, #3, £4 being real numbers. 
The operations of addition and multiplication of the 5-complex numbers introduced in this 
work have a geometric interpretation based on the the modulus d, the amplitude p, the polar 
angle 6 + , the planar angle ipi, and the azimuthal angles <f>i,(f>2- The exponential function of a 
5-complex number can be expanded in terms of polar 5-dimensional cosexponential functions 
9bk(y)i k = 0,1, 2, 3, 4, and the expressions of these functions are obtained from the properties 
of the exponential function of a 5-complex variable. Exponential and trigonometric forms 
are obtained for the 5-complex numbers, which depend on the modulus, the amplitude and 
the angular variables. The 5-complex functions defined by series of powers are analytic, and 
the partial derivatives of the components of the 5-complex functions are closely related. The 
integrals of 5-complex functions are independent of path in regions where the functions are 
regular. The fact that the exponential form of the 5-complex numbers depends on the cyclic 
variables <j)\,4>2 leads to the concept of pole and residue for integrals on closed paths. The 
polynomials of 5-complex variables can be written as products of linear or quadratic factors. 
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1 Introduction 



A regular, two-dimensional complex number x + iy can be represented geometrically by 
the modulus p = (x 2 + y 2 ) 1 ^ 2 and by the polar angle 9 = arctan(y/x). The modulus p is 
multiplicative and the polar angle 9 is additive upon the multiplication of ordinary complex 
numbers. 

The quaternions of Hamilton are a system of hypercomplex numbers defined in four 
dimensions, the multiplication being a noncommutative operation, fij and many other hy- 
percomplex systems are possible, [||-[|| but these hypercomplex systems do not have all the 
required properties of regular, two-dimensional complex numbers which rendered possible 
the development of the theory of functions of a complex variable. 

A system of complex numbers in 5 dimensions is described in this work, for which the 
multiplication is associative and commutative, and which is rich enough in properties so 
that an exponential form exists and the concepts of analytic 5-complex function, contour 
integration and residue can be defined. The 5-complex numbers introduced in this work have 
the form u = xo+h±xi+h2X2+h3Xs+h4 : X4, the variables xo, x\, X2, x$, x^ being real numbers. 
If the 5-complex number u is represented by the point A of coordinates xq, xi,X2,x^, X4, the 
position of the point A can be described by the modulus d = (xq + x\ + x\ + x\ + x 2 ) 1 / 2 , by 
2 azimuthal angles 4>i,4>2, by 1 planar angle tpi, and by 1 polar angle 9 + . 

The exponential function of a 5-complex number can be expanded in terms of the po- 
lar 5-dimensional cosexponential functions k = 0,1,2,3,4. The expressions of these 
functions are obtained from the properties of the exponential function of a 5-complex vari- 
able. Addition theorems and other relations are obtained for the polar 5-dimensional co- 
sexponential functions. Exponential and trigonometric forms are given for the 5-complex 
numbers. Expressions are obtained for the elementary functions of 5-complex variable. 
The functions f(u) of 5-complex variable which are defined by power series have deriva- 
tives independent of the direction of approach to the point under consideration. If the 
5-complex function f(u) of the 5-complex variable u is written in terms of the real func- 
tions Pk{xQ, xi, X2, X3, X4), k = 0,1,2,3,4, then relations of equality exist between partial 
derivatives of the functions Pk- The integral f{u)du of a 5-complex function between two 
points A, B is independent of the path connecting A, B, in regions where / is regular. The 
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fact that the exponential form of the 5-complex numbers depends on the cyclic variables 
4>i,(p2 leads to the concept of pole and residue for integrals on closed paths, and if f(u) is 
an analytic 5-complex function, then j> r f(u)du/(u — uq) is expressed in this work in terms 
of the 5-complex residue /(uq). The polynomials of 5-complex variables can be written as 
products of linear or quadratic factors. 

This paper belongs to a series of studies on commutative complex numbers in n dimen- 
sions. |5| The 5-complex numbers described in this work are a particular case for n = 5 of 
the polar complex numbers in n dimensions. |^],|| 

2 Operations with polar complex numbers in 5 di- 
mensions 

A polar hypercomplex number u in 5 dimensions is represented as 

u = x + h\x\ + h 2 x 2 + + /14X4. (1) 

The multiplication rules for the bases hi, h 2 , /13, /14 are 

h\ = h 2 , hi = /i 4 , hi = hi, hi = /i 3 , 

hih 2 = h 3 , hih 3 = /i 4 , hihi = 1, h 2 h 3 = 1, /i 2 /i4 = ^1,^3^-4 = h 2 . (2) 

The significance of the composition laws in Eq. (||) can be understood by representing 
the bases hj,ht by points on a circle at the angles ay = 2tt j/5,ak = lixkjh, as shown 
in Fig. 1, and the product hjh^ by the point of the circle at the angle 2ir(j + k)/5. If 
2ir < 27r(j + k)/5 < 4ir, the point represents the basis hi of angle a\ = 2ir(j + k)/5 — 2ir. 
The sum of the 5-complex numbers u and u' is 

u + u = x + x' + hi(xi + x'i) + h 2 (x 2 + x 2 ) + hz{xz + x' 3 ) + /i 4 (x 4 + x 4 ). (3) 
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The product of the numbers u, u' is then 

UU 1 = XqXq + X1X4 + X 2 x' 3 + X3X2 + 

+hi(x x[ + xiXg + x 2 x 4 + x 3 x 3 + X4X2) 

+/i 2 (x x 2 + x\x' x + x 2 x' + x 3 x 4 + X4X3) (4) 

+ /l 3 (xoX 3 + XlX 2 + X 2 X , 1 + X3X0 + X4X4) 
+ /l 4 (xoX 4 + X1X3 + X 2 X 2 + X3X1 + x 4 x' ). 

The relation between the variables v + ,vi,v±,V2,V2 and xo, xi, x 2 , X3, X4 can be written 
with the aid of the parameters p = (Vb — l)/4, q = \J (5 + v / 5)/8 as 
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The other variables are V3 = V2,vs = —v 2 ,V4 = vi,V4 
will be called canonical 5-complex variables. 



(5) 



-v\ . The variables v + , vi , v\ , V2 , v 2 



3 Geometric representation of polar complex num- 
bers in 5 dimensions 

The 5-complex number xo + h\X\ + /i 2 x 2 + /13X3 + /14X4 can be represented by the point A 
of coordinates (xo, #i, x 2 , X3, X4). If O is the origin of the 5-dimensional space, the distance 
from the origin O to the point A of coordinates (xq, xi, x 2 , X3, X4) has the expression 



Xq + X-^ + X 2 ~\~ X3 + X4. 



(6) 



The quantity d will be called modulus of the 5-complex number u. The modulus of a 5- 
complex number u will be designated by d = \u\. The modulus has the property that 



u 



'u"\ < V5\u'\\u"\. 



(7) 
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(8) 



The exponential and trigonometric forms of the 5-complex number u can be obtained 
conveniently in a rotated system of axes defined by the transformation 

/ i i J_ J_ J_\/ Tn \ 

V2 V2 V2 V? V2 

m 

V % / \ 

The lines of the matrices in Eq. (||) gives the components of the 5 basis vectors of the 
new system of axes. These vectors have unit length and are orthogonal to each other. The 
relations between the two sets of variables are 
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The radius p^ and the azimuthal angle (j)f. in the plane of the axes Vk , are 



(9) 



Pk = v k + #fc> cos^fe = Ufc/pfe, sin0 fc = u fc /p fe; 
< 4>k < 2tt, h = 1, 2, so that there are 2 azimuthal angles. The planar angle is 
tanVi = P1/P2, 



(10) 



(11) 



where < tpi < ir/2. There is a polar angle + , 
V2~Pi 



tan -i 



where < 9+ < ir. It can be checked that 



1 -v 2 + + 2 -(p 2 + P 2 ) = d 2 . 
The amplitude of a 5-complex number u is 



p= \ v + p 1 p 2i 



(12) 



(13) 



(14) 



If u = u'u" , the parameters of the hypercomplex numbers are related by 



v+ =v' + v'l, 



Pk = PkP'L 



(15) 
(16) 
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tan + = —j= tan 9' + tan 0" . 
v2 

tan tpi = tan tp^ tan 



(17) 
(18) 
(19) 
(20) 
(21) 



where k = 1, 2. 

The 5-complex number u = xo + /tixi + /i2X2 + h 3 x 3 + I14X4 can be represented by the 
matrix 

( x X\ x 2 x 3 x 4 ^ 



U 



X 4 X X\ x 2 x 3 

X 3 X 4 X X\ x 2 

X 2 X 3 X4 X X\ 

\ Xl X 2 X 3 X4 x ) 

The product u = u'u" is represented by the matrix multiplication U = U'U". 



(22) 



4 The polar 5- dimensional cosexponential functions 



The polar cosexponential functions in 5 dimensions are 



(23) 



5 5fc (y) = Ey fe+5p /(^ + 5p)!, 

p=0 

for k = 0, ...,4. The polar cosexponential functions g§k do not have a definite parity It can 



be checked that 

4 



(24) 



fc=0 



The exponential of the quantity h^y, k = 1, 4 can be written as 
e 7112 ' = 550 (y) + hig 5 i(y) + h 2 g 52 (y) + h 3 g 53 (y) + h 4 g 54 (y), 
e h2V = 950 (y) + hig b3 (y) + h 2 g 51 (y) + h 3 g 54 (y) + h 4 g 52 (y), 



h^y 



950 (y) + hig b2 (y) + h 2 g 54 (y) + h 3 g 51 (y) + h 4 g 53 (y), 
950 (y) + higwiy) + h 2 g$ 3 {y) + h 3 g 52 (y) + h A g 51 (y). 



(25) 



The polar cosexponential functions in 5 dimensions can be obtained by calculating e^ hl+fl4 ' y 
and e( hl ~ h4 ^ y and then by nultiplying the resulting expression. The series expansions for 



OO -i 

e (h 1+ h 4 ) y = y r hl + h4 \m y 
^— ml 

m=0 
oo -, 



A) m y m - 



(26) 
(27) 



m=0 



The powers of hi + h 4 have the form 



(hi + h 4 ) m = A m (hi + h 4 ) + B m (h 2 + h 3 ) + C m . 



The recurrence relations for A m , B m , C m are 



A m +i — B m -\- C m , -B m -|_i — A m -\- B m , C m +i — 2j4 r 



(28) 



(29) 



and A x = 1,B 1 = 0, C\ = 0, A 2 = 0, 5 2 = 1, C 2 = 2, A 3 = 3, B 3 = 1, C 3 = 0. The expressions 
of the coefficients are 
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(1 + a) m ~ 3 ,m > 3, 
(l + a) m - 4 ,m>4, 



(30) 
(31) 
(32) 



where a is a solution of the equation a 2 + a — 1 = 0. Substituting the expressions of 
A m , B m ,C m from Eqs. (|30|)-(|3"2"|) in Eq. (|26"|) and grouping the terms yields 
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+ (/i 2 + ^3 

The odd powers of hi — /14 have the form 
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(hi - h 4 ) 2m+1 = D m (h x - h A ) + E m {h 2 - h 3 ). 



The recurrence relations for D m ,E m are 
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(35) 



and D\ = —3, E\ = — 1, D 2 = 10, E 2 = 5. The expressions of the coefficients are 

D m = (b+ l)^- 1 + {-l) m - 2 (b + 4)(5 + b) m -\m > 1, (36) 

h -4- 1 C— 1 ) m - 2 

Ern = --—^b m - l + K .>„ (b + b) m -\m>l, (37) 



6 + 2 6+2 v ' ' ' - ' 

where 6 is a solution of the equation 6 2 + 56 + 5 = 0. The even powers of h\ — /14 have the 
form 

(h x - h 4 ) 2m = F m (h! + h A ) + G m (h 2 + h 3 ) + H m . (38) 
The recurrence relations for F m ,G m , H m are 

Fm+i — F m + Gmi G m -i-x — F m 2G m + H m , H m j r \ — 1(G m H m ), (39) 
and Fx = 0,Gx = 1, Hi = —2, F2 = 1, G2 = —4, H2 = 6. The expressions of the coefficients 
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where 6 is a solution of the equation 6 2 + 56 + 5 = 0. 

Substituting the expressions of D m , E m , F m , G m , H m from Eqs. (|36|)-(|37|) and 
Eq. (]27|) and grouping the terms yields 
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e (fci-A*)» = I + _ cos( v /z 6y) + - cos(^/5T6y) 
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(43) 



On the other hand, e 2ftiy can be written with the aid of the 5-dimensional polar cosex- 
ponential functions as 

e 2hlV = g 50 (2y) + h l951 (2y) + h 2 g 52 (2y) + /i 3 5 53 (2y) + h 4 g 54 (2y). (44) 



The multiplication of the expressions of e^ hl+fl4 ^ y and e^ hl ~ hA > y in Eqs. p3| ) and (^) and the 
separation of the real components yields the expressions of the 5-dimensional cosexponential 
functions, for a = (v5 — l)/2, b = — (5 + v5)/2, as 
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952(2y) = ie 2 " + ie°" 
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954(2l/) = ie 2 " + ie°» 
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The polar 5-dimensional cosexponential functions can be written as 



1 



95k(y) = rX! ex P 



1=0 



y cos 



2nl 



cos 



y sin 



2vr/\ 2vr£;Z 



,fc = 0,..,4. 



(49) 



(50) 



The graphs of the polar 5-dimensional cosexponential functions are shown in Fig. 2. 
It can be checked that 
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The addition theorems for the polar 5-dimensional cosexponential functions are 

9bo(y + z) = 550(5)550(2) + 551(5)554(2) + 552(5) 553(2) + 553(5)552(2) + 554(5)551(2), 

551(5 + 2) = 550(5)551(2) + 551(5)550(2) + 552(5)554(2) + 553(5)553(2) + 554(5)552(2), 

552 (y + z) = 550(5)552(2) +551(5)551(2) + 552(5)550(2) +553(5)554(2) +554(^)553(2), 

553(5 + 2) =550(^)553(2) +551(5)552(2) + 552(5)551(2) +553(5)550(2) +554(^)554(2), 

554(5 + 2) =550(^)554(2) +551(5)553(2) +552(^)552(2) + 553(5)551(2) +554(^)550(2). 

(52) 

It can be shown that 

{550(5) + hiff5i(y) + ^2552(y) + h 3 g 53 (y) + h 4 g 54 (y)} 1 

= 550 (ly) + hig 51 (ly) + h 2 g 52 (ly) + h 3 g 53 (ly) + h 4 g 54 (ly), 
{550(5) + hig 53 (y) + h 2 g 51 (y) + h 3 g 54 {y) + h 4 g 52 (y)} 1 

= 550 (*y) + ^1553 (/y) + ^2551 (iy) + ^3554 (iy) + M52 (Zy) , 

(53) 

{55o(y) + ^1552(5) + h 2 g 54 (y) + h 3 g 51 (y) + ^4553(5)} 

= 550 (Zy) + highly) + h 2 g 5i (ly) + h 3 g 51 (ly) + h A g b3 (ly), 
{550(5) + hig 5A (y) + h 2 g 53 (y) + h 3 g 52 (y) + h 4 g 51 (y)} 1 

= 550 (Zy) + highly) + h 2 g 53 (ly) + h 3 g 52 (ly) + h 4 g 51 (ly). 
The derivatives of the polar cosexponential functions are related by 

^550 ^551 ^552 ^553 <^554 

-1— = 554, -j— = 550, -1— = 551, -3— = 552, -j— = 553- (54) 
an an an an an 



5 Exponential and trigonometric forms of polar 5- 
complex numbers 

The exponential and trigonometric forms of 5-complex numbers can be expressed with the 
aid of the hyper complex bases 
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The multiplication relations for these bases are 



e, = e+, e + e k = 0, e + e k = 0, 



e l = e k, el = -e k , e k e k = e k , e k ei = 0, e k e.\ = 0, e k ei = 0, k,l = 1,2, /c / /. (56) 



The bases have the property that 

e + + ei + e 2 = 1. 

The moduli of the new bases are 
1 /2 , 



|e+| = ^ |e*| 



for fc = 1,2. 

It can be checked that 
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xq + + h 2 x 2 + /i3^3 + ^-4^4 = e+v+ + ei«i + e\V\ + e 2 v 2 + 



(59) 



The ensemble e_|_, ei, ei, e 2 , e 2 will be called the canonical 5-complex base, and Eq. (|59| ) gives 
the canonical form of the 5-complex number. 

The exponential form of the 5-complex number u is 

f 1 \fl 
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for < 9+ < vr/2. 

The trigonometric form of the 5-complex number u is 
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The modulus ci and the amplitude p are related by 
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6 Elementary functions of a polar 5-complex vari- 
able 



The logarithm and power function exist for v + > 0, which means that < 9 + < tt/2, and 
are given by 



1 ypl 
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10 v ' 10 

u m = e + v™ + p™(ei cosm^i + e\ sinm<?i>i) + p™(&2 cosm4> 2 + £2 sinm02). (64) 



The exponential of the 5-complex variable u is 



e u = e + e v+ + e" 1 (e\ cosvi + e\ sinui) + e" 2 (e 2 cos v 2 + e 2 sin^) 



(65) 



The trigonometric functions of the 5-complex variable u are 
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cos u = e + cos v + + ( e fc cos v k cosh v\. — sin sinh v^) , 
k=l 

2 

sin u = e + sin v + + ^ (e& sin cosh Vk + efc cos t> & sinh %) . 
fc=i 

The hyperbolic functions of the 5-complex variable u are 
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cosh u = e + cosh v + + (e^ cosh v\. cos + sinh Vk sin uj.) , 
fe=i 
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sinh ti = e + sinh v + + ^ (e^ sinh cos + e& cosh ^ sin Vf~) . 
fc=i 
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7 Power series of 5-complex numbers 



A power series of the 5-complex variable u is a series of the form 
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the series is absolutely convergent for 
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The series in Eq. ( ffo| ) is absolutely convergent for 
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8 Analytic functions of a polar 5-compex variable 



The expansion of an analytic function f(u) around u = u$ is 

oo 
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Since the limit f'(u ) = lim u _ Uo {/(it) - f (u )} / (u - u 
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is independent of the direction in space along which u is approaching uq, the function 
f(u) is said to be analytic, analogously to the case of functions of regular complex variables. 
If f(u) = J2t=o h kPk(xo,x 1 ,X2,x 3 ,x 4: ), then 

(81) 
(82) 
(83) 
(84) 
(85) 



and 



dP _ 


dPi 


_ dP 2 


_ dP 3 _ 


8P A 


8x 


dx\ 


dx 2 


8x 3 


8x4 ' 


Ul i 


BPo 


8 Pq 


8 P4 


8Pn 
ui o 


dx 


dx\ 


8x 2 


8x 3 


8x4 ' 


8P 2 _ 


dP 3 


dPi 


_ 8P _ 


8Pi 


ox 


dx\ 


dx 2 


8x 3 


8X4 


dP 3 


8P 4 


_ dP 


8Pi 


8P 2 


8x 


dx\ 


8X2 


8x 3 


8x4 ' 


8P 4 


dP 


dPi 


8P 2 


dP 3 


8x 


dx\ 


8x2 


8x 3 


8x4 ' 


d 2 P k 




d 2 P k 




d 2 P k 


dxodx, 


: dxidxi- 


l 


8a?p/2] 9aj Z-[J/2] 




d 2 P k 


d 2 P k 






dxi + idx 4 


8xi +2 8x 3 


dxi +1 . 


1 = 0,.. 


.,4. : 


In Eq. 


(|86|), [a] denotes the inte; 



d 2 p k 



\8xa 



(86) 



In this work, brackets larger than the regular brackets [ ] do not have the meaning of integer 
part. 



9 Integrals of polar 5-complex functions 

If f(u) is an analytic 5-complex function, then 

/ / u du _ 2vr /( Uo ) {gi int(noe ir)1 ,r 6r?1 ) + e 2 mt(u ^ 2m , T^ 2m )} , (87) 
Jr u — Uq 

where 



int(M, C) 



1 if M is an interior point of C, 
if M is exterior to C, 



and uo^ kr j k , T^ kVk are respectively the projections of the pole no and of the loop T on the 
plane defined by the axes and r] k , k = 1,2. 
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10 Factorization of polar 5-complex polynomials 



A polynomial of degree m of the 5-complex variable u has the form 

P m (u) = u m + am" 1 ' 1 + • • • + a m -iu + a m , (89) 

where ai, for I = 1, m, are 5-complex constants. If ai = J2 P =o h p ai p , and with the notations 
of Eqs. (|7^)-(|76|) applied for I = 1, • • • ,m, the polynomial P m {u) can be written as 



P m = e + < + 



2 

+ E 

fe=i 



(efcWfe + 4^)™ + ^2(e k Ai k + e k Ai k )(e k v k + e fc u fc 
!=1 



.771— Z 



The polynomial P m (u) can be written, as 

m 
p=l 



(90) 



(91) 



where 

Up = e + v p+ + (eivip + eivip) + (e 2 v 2p + e 2 u 2p ) ,p = 1, m. (92) 

The quantities v p+ , e k v kp + e k v kp , p = 1, m, fc = 1, 2, are the roots of the corresponding 
polynomial in Eq. (|90|). The roots t> p+ appear in complex-conjugate pairs, and v kp ,v kp are 
real numbers. Since all these roots may be ordered arbitrarily, the polynomial P m [u) can be 
written in many different ways as a product of linear factors. 

If P(u) = u 2 - 1, the de gree is m = 2, the coefficients of the polynomial are a\ = 0, a 2 = 

— 1, the coefficients defined in Eqs. (|f31)-(|76|) are A 2+ = —1,A 2 \ = — l,A 2 i = 0,^22 = 

— 1,A 22 = 0. The expression of P(u), Eq. (|90[) , is v\ — e + + {e\V\ + e\V\) 2 — e\ + (e 2 v 2 + 
e 2 v 2 ) 2 — e 2 . The factorization of P(u), Eq. (|9l"l), is P (u) = (u — u\)(u — u 2 ), where the roots 
are u\ = =be + ± e± ± e2,«2 = — «i. If e+,ei,e2 are expressed with the aid of Eq. (55) in 
terms of h\,h 2 ,h 3 ,h 4 , the factorizations of P(u) are obtained as 

u 2 - 1 = (u + l)(it - 1), 



+ l + £±l( hl +h 4 )- 4p±(/l 2 + h 3 ) 
+ l-^l( hl +h 4 ) + ^(h 2 + h 3 ) 



,, 1 y^+l 



u 



(h + h 4 ) + ^(h 2 + h 3 ) 



u +*-*(h 1 + h 2 + h3 + h 4 , 
It can be checked that (=be+ db e\ db e2) 2 



+ |(/il + ^2 + /i3 + ^4) 



(93) 



e + + ei + e 2 = 1. 
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11 Representation of polar 5-complex numbers by 
irreducible matrices 



If the unitary matrix which can be obtained from the expression, Eq. (||), of the variables 
£_t_, £1, rji, r]k in terms of xq, xi, x%, #3, X4 is called T, the irreducible representation |§ of 
the hypercomplex number u is 



/ 



TUT' 1 = 



\ 



v + 
Vi 

\ v 2 J 

where U is the matrix in Eq. (p2|), and V\~ are the matrices 
/ 



(94) 



Vk v k 



\ ~Vk v k 



, k = l,2. 



(95) 



12 Conclusions 

The operations of addition and multiplication of the 5-complex numbers introduced in this 
work have a geometric interpretation based on the amplitude p, the modulus d and the polar, 
planar and azimuthal angles 9 + , ipi, fa, fa. If X0+X1+X2+X3+X4 > the 5-complex numbers 
can be written in exponential and trigonometric forms with the aid of the modulus, amplitude 
and the angular variables. The 5-complex functions defined by series of powers are analytic, 
and the partial derivatives of the components of the 5-complex functions are closely related. 
The integrals of 5-complex functions are independent of path in regions where the functions 
are regular. The fact that the exponential form of the 5-complex numbers depends on the 
cyclic variables fa leads to the concept of pole and residue for integrals on closed paths. The 
polynomials of 5-complex variables can be written as products of linear or quadratic factors. 
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FIGURE CAPTIONS 



Fig. 1. Representation of the polar hypercomplex bases 1, hi, /12, /13, /14 by points on a 
circle at the angles = 27r/c/5. The product hjhj, will be represented by the point of the 
circle at the angle 2n{j + fe)/5, i, k = 0, 1, 4, where ho = 1. If 27r < 2-7r(j + fc)/5 < 47r, the 
point represents the basis hi of angle a\ = 2n(j + A;)/5 — 27r. 

Fig. 2. Polar cosexponential functions g 50 , 551, 552, 553, 554 ■ 
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